This study introduces a hybrid approach combining numerical results with pre-developed analytical calculations for the sound radiation from the modal vibration of a thick, finite length cylinder with various boundary conditions. Structural vibrations of the cylinder are numerically investigated with the finite element method, and distributions of vibratory displacements on the cylinder surface are idealized as simple mathematical expressions based on the numerical results. Sound radiations from the normal vibration of the cylinder are calculated based on idealized modal displacements using a previously introduced theoretical solution. The results are confirmed with numerical analyses using the boundary element method. Based on these results, it can be concluded that the solutions suggested in this study have good accuracies in calculating the vibro-acoustic properties of a thick, finite cylinder with various boundary conditions. Also, the sound radiation characteristics of many practical components such as brake drums and motor housings are expected to be investigated using the procedure proposed in this study.
Introduction
Finite-length cylinders are very important elements in many industries such as mechanical and electrical engineering. When subjected to proper excitation, these cylinders generate considerably large vibration and associated sound pressure in the surrounding medium. Therefore, it is necessary to thoroughly understand the vibro-acoustics of the cylinders with different boundary conditions.
Many engineers and scientists have investigated the vibration of cylinders. For instances, Gladwell
and Vijay (1) investigated vibrations of free, finite length circular cylinders using finite element analysis. Hutchinson and El-Azhari (2) investigated the free vibrations of hollow circular cylinders with finite length using a semi-analytical method. Singal and Williams (3) investigated vibrations of thick hollow cylinders using the energy method based on the 3D theory of elasticity. Liew et al. (4) studied the free vibrations of solid and hollow cylinders with different boundary conditions using 3D energy displacement-based expressions. So and Leissa (5) studied the free vibrations of thick hollow cylinders utilizing the Ritz method with simple algebraic polynomials. Wang and Williams (6) investigated natural frequencies and mode shapes of the cylinders using the finite element method.
Zhou et al. (7) used the Ritz method along with Chebyshev polynomials to study 3D vibrations of the hollow cylinders. Mofakhami et al. (8) studied modal vibration of finite length cylinders with various boundary conditions using a general semi-analytical solution based on the separation of variables along with the linear 3D theory of elasticity. Finally, Sohn et al. (9) experimentally investigated dynamic properties and vibration control performance of a cylindrical shell structure in the air and underwater conditions. Moreover, sound radiation from cylindrical radiators has been studied by many engineers and scientists thus far. Junger and Feit (10) introduced analytical solutions for sound radiation from a finite cylinder by applying Fourier transform in the axial direction to the Helmholtz equation described in cylindrical coordinate. Hong and Lee (11) studied sound radiation from axisymmetric shells using finite element formulation along with experimental verification. Lin et al. (12) studied modal sound radiation characteristics of finite cylindrical shells using finite element and boundary element methods. However, acoustic radiation from a finite thick cylinder in which two surfaces of cylinder individually generate sound pressure has not been adequately investigated thus far. . Three different boundary conditions at either Free-free Pinned-free Pinned-pinned 
Structural Characteristics

Free-free Boundary
Natural frequencies (  ) and mode shapes (  )
of the cylinder with a free-free boundary condition are summarized in Table 2 . In the table,  is the circumferential mode index that represents the number of nodal lines in the normal mode, and l is the axial mode index that represents the axial (z direction in Fig. 1 
Pinned-free Boundary
Natural frequencies and mode shapes of the cylinder with a pinned boundary at the one end and a free boundary at the other end are summarized in Table 3 . The natural frequencies of the cylinder with this boundary condition are much higher than those in Table 2 for the free-free boundary condition. As one can see in the table, all the modes for this boundary condition have pure sinusoidal variation in the circumferential direction and ramp-type variation in the axial direction. In this case, the origin of the axial coordinate is set to be the fixed end of the cylinder.
For the q = 3 mode, the circumferential and axial variations in the modal displacements at the outer surface are idealized in 
Pinned-pinned Boundary
Natural frequencies and mode shapes of the cylinder with pinned boundaries at both ends are Table 4 . As shown in the table, all the modes have cosine-type variation in Table 4 Natural frequencies and vibration modes of the sample cylinder with a pinned-pinned boundary condition 
Acoustic Radiation Characteristics
Since the cylinder has a considerable thickness compared to its other dimensions, the two radial surfaces independently generate sound pressure in the surrounding medium. In this study, two radial surfaces of the cylinder are treated as two separated cylindrical radiators of length h having with specific surface vibration distributions in the circumferential and axial directions ( and z, respectively, in Fig. 1 ). Further, as explained in the previous section, the structural vibration in the sample cylinder has sinusoidal variations in the circumferential direction for all boundary conditions. However, variations in the axial direction are dependent on the boundary condition.
In this study, the far-field sound pressure is calculated based on the procedure proposed by Junger and Feit (10) , along with the approximation of an unbaffled cylindrical radiator in terms of a baffled one as suggested by Sandman (14) . Junger and Feit (10) studied a cylindrical radiator of finite length that has arbitrary surface acceleration in the axial direction and a sinusoidal variation in the circumferential direction. In that study, the authors expressed the vibratory acceleration of the cylinder surface as Eq. (4) in the cylindrical coordinate system (10) .
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Here,   is the density of the acoustic medium, k is the acoustic wave number of the q th mode and
Hq is the q th order Hankel function, respectively.
The modal sound radiation for the q th mode,   is defined from the calculated sound pressure distribution on a large sphere SV surrounding the cylinder, as shown in Fig. 6 . Finally, the modal sound power   of the q th mode is calculated based on Pq(R,,) using Eq.
(6) based on the far-field approximation. Here, Iq is the sound intensity on SV where the modal sound radiation is defined. Details and validation of this procedure can be found in the previous study (15) . Next, consider a thick cylinder case in which the vibrations on the two radial surfaces simultaneously generate sound pressure in the surrounding medium. Consequently, total sound pressure due to the variation of the cylinder can be expressed as the sum of pressure from the outer radial surface (PqO) and pressure from the inner radial surface (PqI). These are expressed by Eq. (5a) along with Hankel functions of the first and second kinds, respectively (10) .
Free-free Boundary
For the l = c modes, axial variation of the modal displacement Z(z) is expressed as following equation.
for this boundary condition can be obtained as follows by applying Eq. (5b) to Z(z) given in Eq. (7a).
Finally, sound pressure generated by the sample cylinder with the free-free boundaries having Z(z) in Eq. (7a) can be obtained with following equations. For the l = s modes, the axial variation of the modal displacement, Z(z) and its Fourier transform
can be expressed as following equations.
Using the same process explained above, the far-field sound pressure generated by the two radial surfaces of the sample cylinder can be calculated by substituting Eq. (9b) into following two equations. 
Pinned-free Boundaries
As explained in Section 2.2, axial variation of the modal vibration for this boundary condition can be idealized as left side plot in Fig. 7 . Further, this type of function can be expressed as the sum of two functions shown on the right side of the figure.
Based on the axial variation in Fig. 7 , the func- as explained above, one can obtain
Numerical Validation
The analytical solutions introduced in Section 3 are numerically verified using boundary element analyses based on the results of finite element analyses (16) . Acoustic field points are defined on a sphere of radius 1.0 m surrounding the cylinder, and the sound pressure at the each field point has been calculated using Eqs. 
Free-free Boundary
The far-field sound pressure distributions on the sphere surrounding the cylinder calculated by Eqs.
(8a), (8b), (10a) and (10b) are compared with numerical calculations in Table 5 . Further, directivity diagrams for the modal sound radiations are compared in Fig. 8 .
As one can see in the table, analytical calculations match well the numerical results in terms of pressure distributions and the maximum pressure for all cases. Further, the acoustic powers due to modal vibrations calculated by Eq. (6) along with Eqs. (8) and (10) in Section 3 are Consequently, one can conclude that the solution given in Eqs. (8) and (10) have sufficient accuracies in obtaining the far-field sound pressure generated by the sample cylinder with a free-free boundary condition.
Pinned-free Boundaries
The far-field sound pressure distributions on the sphere calculated by Eqs. (10a) and (10b) substituted by Eq. (11b) are compared with numerical data in Table 6 . In addition, directivity diagrams for the modal sound radiations are compared in 
Pinned-pinned Boundaries
The far-field sound pressure distributions on the sphere calculated by Eqs. (10a), (10b) and (12b) are compared with the numerical results in Table   7 . Further, directivity diagrams for the modal sound radiations are compared in Fig. 10 .
As one can see in the table, the sound pressure on the sphere is significantly higher than those for the cylinders with other two boundary conditions.
Since the modal displacements are normalized to unity, vibratory accelerations are proportional to the square of the frequency of vibration. Therefore, Future research includes the parametric study on the geometric dimensions of the cylinder and a study on the effects of asymmetries on the vibro-acoustics of the cylinder.
